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ABSTRACT
Consolidation and sintering of bismuth telluride nanoplatelets is a cost-effective method of manufacturing high 
thermoelectric figure-of-merit materials. A structural optimization method is employed here to study the effects 
of columnar structures formed by nanoplatelet composites on thermal transport. The initially sparse and random 
distribution of nanoplatelets is compacted into a jammed state under an external hydrostatic stress, thereby 
simulating the compaction of nanopowders in experiments. The jammed morphology exhibits randomly oriented 
stacks of nanoplatelets and a discontinuous distribution of the pore phase within the microstructure. Grain 
and pore morphologies are statistically quantified using computational geometry techniques. High aspect ratio 
nanoplatelets exhibit large degree of stacking that results in large pore size heterogeneity. Quasi-ballistic heat 
conduction through the grain phase is modeled using a Landauer approach. The volume fraction and morphology 
of the discontinuous pore phase strongly influences thermal conductance by providing sites for phonon scattering 
at pore–grain interfaces. A thermal model incorporating interface scattering is employed to explore the relationship 
between microstructure and thermal transport.
Keywords: microstructure-property correlation, thermal conductivity, nanoscale, disordered materials.
1. INTRODUCTION
Conversion of heat into electricity using solid-state 
thermoelectric devices is being intensely developed 
to enable high-efficiency energy conversion devices. 
The efficiency of a thermoelectric material to convert 
heat into electricity is denoted by ZT (Goldsmid, 1995), 
a dimensionless figure of merit that is proportional to 
the product of the square of the Seebeck coefficient S, 
electrical conductivity s, and operating temperature T, 
and inversely proportional to the thermal conductivity k. 
In bulk form, thermoelectric materials exhibit very 
low figure of merit; the highest value of ZT ~ 1 has 
been demonstrated in antimony and bismuth telluride 
alloys at room temperature (DiSalvo, 1999). A large 
proportion of heat in thermoelectric materials is 
transported via lattice vibrations, and therefore 
reducing lattice thermal conductivity can result in a 
significant increase in the figure of merit. Recently, 
nanostructuring (Dresselhaus et al., 2007; Majumdar, 
2004; Venkatasubramanian, Siivola, Colpitts, & 
O’Quinn, 2001) has been demonstrated as a promising 
avenue to reduce the lattice thermal conductivity on 
introducing sites for phonon scattering.
Among several fabrication techniques that introduce 
nanoscale features in bulk bismuth telluride, bottom–
up manufacturing from precursor nanograins has 
proven to be very economic and scalable  (Mehta et al., 
2012; Soni et al., 2012a, 2012b; Yan et al., 2010). 
The two-step process of fabricating powdered 
nanograins and compacting the powders into high-
density mesoporous bulk material is favorable for 
batch manufacturing. Powders containing nanograins 
are manufactured by mechanical processes such as 
ball milling (Poudel et al., 2008) or by wet chemical 
synthesis (Mehta et al., 2012; Soni et al., 2012a). In 
either method, grains of distinct shape and size (and 
dispersity therein) are formed, and such geometric 
features critically govern the morphology of compacted 
mesoporous heterogeneous solid. In particular, 
bismuth telluride nanoparticles formed via wet 
chemical synthesis or ball-milling exhibit highly faceted 
hexagonal platelet-shaped grains because of weak 
van der Waals bonding in its layered crystal structure. 
Irregular spatial positioning and orientation of the 
grains upon compaction result in a complex topology of 
the pore phase that crucially governs heat conduction 
by providing a network of scattering boundaries 
(Soni et al., 2012a). Therefore, effective thermal 
properties are intimately correlated with the grain 
geometry and processing conditions, but the literature 
currently lacks a detailed study of this correlation.
Granular jamming provides a physics-based method 
to simulate the manufacturing of such heterogeneous 
microstructures. Jamming, characterized by a threshold 
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density, fJ, describes the transition of a material from 
a low-density fluid-like phase to a solid phase (Cates, 
Wittmer, Bouchaud, & Claudin, 1998). This solid phase 
reasonably represents compacted heterogeneous 
powders, and diverse microstructures have been 
generated from variously shaped building blocks via 
granular jamming (Smith, Alam, & Fisher, 2010).
Heat and charge conduction through heterogeneous 
materials has been studied since the times of Maxwell 
(1954) and Lord Rayleigh (1892). Subsequent 
improvements to such models resulted in the 
development of various effective medium models 
(Choy, 1999). Despite progressive improvements 
to the models, such as the inclusion of thermal 
boundary resistance at high grain densities (Nan, 
Birringer, Clarke, & Gleiter, 1997), a lack of generic 
understanding persists of the effect of grain shape 
on the effective thermal properties of high-density 
composites. Smith and Fisher (2013) explored the 
importance of grain shape in thermal conduction within 
dense microstructures formed by the compaction of 
tetrahedral grains. Although their study explored the 
detailed effects of grain topology on classical thermal 
conduction, the semi-classical effect of phonon 
boundary scattering was not considered. In addition, 
ballistic-diffusive heat conduction has been modeled 
in ordered nanocomposites using Monte–Carlo 
methods (Jeng, Yang, Song, & Chen, 2008). Effects 
of the inclusion shape and size (Wang, Yang, & Zhu., 
2011b) on thermal transport have also been modeled 
by the Boltzmann transport equation. However, the 
microstructures considered in these studies were ideal 
and periodic, and no study on physically generated 
realistic microstructures of nanocomposites has been 
reported.
In this work, the dependence of effective thermal 
conductivity of composites on nanoplatelet size and 
aspect ratio has been explored. The pore morphology 
strongly depends on the grain aspect ratio and crucially 
determines thermal transport.
2. MICROSTRUCTURE GENERATION
Systems of N = 256 nanoplatelets of five different 
aspect ratio a = 5, 8, 13, 18, 23 are examined here 
for the purposes of jamming. The aspect ratio a 
is defined as the ratio of the basal surface area Ab 
and the thickness W of the platelet. Earlier studies 
have highlighted unique morphological features in 
dense assemblies of platelet-shaped grains such as 
columnar stacking in the cross-basal plane direction. 
The implications of columnar stacking have been 
reported in the modeling of LiFePO4 nanoplatelet 
system in battery cathodes (Smith, Mukherjee, & 
Fisher, 2012) and in thermoelectric experiments on a 
Bi2Te3 nanoplatelet system (Soni et al., 2012a).
Jammed microstructures are generated in a quasi-
static athermal simulation that models pairwise elastic 
interactions between contacting grains in a periodic 
supercell. Figure 1 depicts representative microstructures 
of consolidated grains. Jamming is simulated through 
a recently introduced variable-cell method (Smith, 
Srivastava, Fisher, & Alam, 2014) that generates solid 
phases under controlled hydrostatic stress conditions, 
thereby replicating an isoenthalpic-isobaric ensemble 
commonly employed in molecular dynamics simulations. 
In this study, a dilute and random system of N grains 
(at an initial density f = 0.02) is subjected to external 
pressure P = 10-4 Y where Y is the Young’s modulus of 
the grain material. Structural optimization is performed 
to minimize the generalized system enthalpy (Souza 
& Martins, 1997) (resulting from collective grain–grain 
interactions and the stress–strain work), as the system 
proceeds in the direction of grain consolidation toward 
jamming. The simulation converges on the achievement 
of a solid-jammed phase characterized by equilibrium 
between the internal and external stresses and the 
onset of mechanical rigidity in the system. Snapshots of 
the system during a consolidation event are displayed 
in Figure 2.
3. MORPHOLOGICAL CHARACTERIZATION
Heterogeneous microstructure generated from 
jamming simulations exhibits complex geometric 
features. Numerous statistical and computational 
geometric techniques exist to quantify such features 
(Srivastava, Sadasivam, Smith, & Fisher, 2013). 
In this work, the features that serve as necessary 
inputs in an effective transport model has been 
focused. During grain consolidation, the minimum 
density (or packing fraction) at which mechanically 
rigid structures are obtained is known as the 
jamming density fJ (O’Hern, Langer, Liu, & Nagel, 
2002). From a transport perspective, the density of 
grains fJ (and therefore the porosity: φ φ= −1p J ) is 
an important low-order representation of the pore 
space and serves as an important input in various 
effective medium models. Faceted nanoplatelets 
exhibit low porosity (Figure 3(c)) compared to 
spherical grains (φ = 0.36p ) because of the large 
Figure 1. (a)–(c) Microstructure of jammed nanoplatelets of aspect 
ratio a = 5, 13, 23, respectively. Boundaries of the periodic supercell 
are indicated by black edges of the surrounding rhomboid. Differently 
shaped supercells in each simulation are characteristic of the variable-
cell jamming method (Smith, Srivastava, Fisher, & Alam, 2014).
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surface area contacts between grain faces that 
enable efficient packing.
Earlier experimental (Song & Chen, 2004) and theoretical 
studies (Lee, Grossman, Reed, & Galli, 2007; Prasher, 
2006) have demonstrated the importance of pore size 
in addition to porosity for heat conduction in micro/
nanostructures in the quasi-ballistic regime. When the 
transport length scales are comparable to phonon mean 
free path, materials with similar porosity, but different 
pore sizes, demonstrate significant differences in thermal 
conductivity (Song & Chen, 2004). Heterogeneous 
jammed materials exhibit tortuous topology of the 
pore phase. The grain phase of the jammed system 
is easily characterized as it is constituted from known 
grain shapes and sizes. However, the pore phase is 
spatially complex and plays a crucial role in sub-micron 
thermal conduction by providing a network of phonon 
scattering sites at pore–grain interfaces. Therefore, the 
quantification of pore space beyond first order statistics 
of porosity is essential.
Pore size distribution in jammed granular matter is 
calculated via statistical sampling. One million spatial 
points were randomly generated within the pore space 
of the microstructure, and the distance of each point 
to the nearest pore–grain interface was calculated 
[Figure 3(a)]. These distances were binned and a 
bounded kernel density estimate was utilized to 
compute a probability density function (PDF) P(d ) for a 
pore size d and is plotted in Figure 3(b). The average 
pore size δ  for each composite is expressed as:





Figure 3. (a) Pore size sampling method: the circle centered around a randomly chosen point P is the largest circle that can fit entirely in the 
pore space (light shade); the radius of the circle δ  is sampled. (b) Probability density function (PDF) of normalized pore sizes. (c) Cumulative 
distribution function of normalized pore sizes. Open symbols represent the integrated values from PDF and solid lines represent fits to the 
error function. Dashed line in (b) and (c) is the PDF and CDF for completely uncorrelated Poisson-distributed grain centroids. (d) Normalized 
average pore size and system porosity as a function of nanoplatelet aspect ratio. The ratio of the two is proportional to phonon scattering time 
and exhibits an increasing trend with increasing aspect ratio.
Figure 2. Snapshots of the nanoplatelet system during various stages of consolidation starting from a fluid-like microstructure at φ = 0.02 to a 
mechanically rigid microstructure at φ = 0.70.
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The variation of average pore size with platelet aspect 
ratio is shown in Figure 3(c).
Microstructural heterogeneity arising from the size 
distribution of disconnected pores is quantified by 
calculating the cumulative distribution function (CDF) 
δF( ) of finding a pore of size larger than δ  in the 
composite. This cumulative distribution can be fit to 









( ) 1 erf  (2)
where a and b are fitting parameters. The parameter 
a is the heterogeneity factor that correlates with the 
standard deviation in pore sizes and is indicative of 
the microstructural heterogeneity in the pore space. 
Figure 3(d) displays the CDF and the fits to the error 
function.
Large aspect ratio nanoplatelet composites demonstrate 
higher heterogeneity in the pore space, as evidenced 
in the distribution functions plotted in Figure 3(b), and 
quantified by values of the heterogeneity factor a in 
Figure 4(a). This is a direct consequence of the disparity 
between the in-plane and cross-plane spatial extent of 
nanoplatelets that results in a highly non-uniform pore 
space. Figure 4(b) and (c) illustrates a color-coded 
scatter distribution of the non-uniform pore space and 
highlight the varying degree of heterogeneity for small 
and large aspect ratio nanoplatelet composites. Aside 
from heterogeneous pore space, higher aspect ratio 
granular composites also exhibit larger pore sizes, 
as plotted in Figure 3(c). This morphological feature 
crucially governs quasi-ballistic thermal conduction 
when pore sizes are comparable with dominant phonon 
mean free path in the grains. The degree of pore space 
heterogeneity in nanoplatelet composites is considerably 
less than observed in a system of uncorrelated Poisson-
distributed grains (Torquato & Avellaneda, 1991) that 
do not account for grain-interaction energetics. This is 
indicative of local ordering of grains within a globally 
amorphous microstructure. Increasing nanoplatelet 
aspect ratio does not change the pore–grain interface 
density considerably as inferred from the y-intercept of 
the PDF. This is counter-intuitive because high aspect 
ratio grains exhibit large surface area to volume ratio, 
and their composites are expected to demonstrate large 
pore–grain interfacial area. However in the present 
simulations, high aspect ratio nanoplatelets consolidate 
to form stacks that shield their large basal surface area 
from the pore space. Figure 4(d) and (e) illustrates the 
microstructures of consolidated nanoplatelet grains where 
the grain color is indicative of the height of the stack to 
which it belongs. In Figure 4(a), the average stack height 
is plotted as a function of the grain aspect ratio. Therefore, 
despite increased average pore size and heterogeneity, 
high aspect ratio nanoplatelets exhibit anomalously low 
pore–grain interfacial area as a consequence of grain 
stacking. This distinct morphological feature has been 
observed during the consolidation of bismuth telluride 
nanoplatelets (Soni et al., 2012a).
4. HEAT CONDUCTION MODEL
Phonon dispersion for bismuth telluride is 
approximated by an isotropic sine-type model (also 
Figure 4. (a) Average stack height (normalized by nanoplatelet thickness W) and heterogeneity factor a, calculated from Equation (2), as a 
function of nanoplatelet aspect ratio. (b) and (c) Pore size scatter for jammed nanoplatelets of highest (5) and lowest (23) aspect ratio, respectively. 
The color of scatter point in the pore space is indicative of its distance from the nearest pore–grain interface. (d) and (e) Jammed structures of 
lowest (5) and highest (23) aspect ratio nanoplatelets, respectively. The color indicates the height of the stack to which nanoplatelets belong.
48 COMPOSITES AND GRANULAR MATERIALS
Born von Karman dispersion) (Dames, 2004), where 














2 1/3k π η=  is the cutoff wave vector and η is 
the primitive unit cell density. The cutoff frequency 
v ksω π= (2/ )0 0 is determined by matching the low 
wave vector velocity to the speed of sound vs in the 
material. The polarization-averaged speed of sound vs 
is calculated from elastic constants of bismuth telluride 
described elsewhere in the literature (Jenkins, Rayne, 
& Ure, 1972).
The pore phase in the dense granular microstructure 
is disordered and disconnected, and therefore a 
tortuous but topologically connected path exists for 
phonon transmission in the grain phase. The pore 
distribution is not homogeneous, and the phonon 
transmission distance between consecutive interface 
scattering events is not homogeneously distributed. 
In Figure 5(a), a two-dimensional representation 
illustrates this idea. The interfaces between the 
pore phase (light) and the grain phase (dark) are 
represented with dotted lines. The effective phonon 
transmission distance is calculated by approximating 
the microstructure wherein disconnected and 
irregularly-shaped polyhedral pores are approximated 
as equi-sized simplices (tetrahedron in 3D) of edge 
length δ2  (factor of 2 as pore size distribution binned 
the radius of largest sphere inscribed in pore space) 
as shown in Figure 5(b). Here, δ  is the average pore 
“radius” calculated statistically in the earlier section. 
For a porosity φp of the microstructure, the number 















where the denominator is the volume of a tetrahedron 
of edge length δ2 . The scattering cross-section is 
the area of a tetrahedron face δ3
2
. Therefore, the 
average distance, Lgp, between consecutive pore–
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From the above expression, the scattering rate 
of phonons from the pore–grain interfaces, 
τ ω φ ω δ=− v( ) 3 6 ( )/4gp
1
p , is proportional to the ratio 
of porosity and pore size. Both pore size and porosity 
increase with increasing aspect ratio of the nanoplatelets. 
However, as depicted in Figure 3(c), the ratio of the two 
also increases with increasing aspect ratio.
Aside from pore–grain interface scattering, phonons 
in granular nanocomposites scatter at grain–grain 
interfaces that are formed during the densification 
and sintering of nanopowders. Electrically activated 
sintering (such as spark plasma sintering) is frequently 
employed to inhibit grain growth in the inter-granular 
pore region of the consolidated “green” compact. 
Stacking of nanoplatelets has been demonstrated to 
facilitate the sintering process. Mehta et al. (2012) 
reported the existence of plate-shaped and equiaxed 
grains in the microstructure of sintered bismuth 
telluride nanoplatelets. Plate-shaped grains are 
formed upon the sintering of a nanoplatelet stack 
while equiaxed grains exhibit high-angle boundaries 
with such stacks. In this model, assume that each 
nanoplatelet stack in the jammed microstructure 
sinters into a large contiguous grain. Furthermore, 
assuming negligible grain growth in the pore space 
and pristine crystallinity of each grain, the average 
distance, Lgg, between consecutive grain–grain 
interfaces in the grain space and the resulting phonon 
scattering rate τ −gg
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where p is the specularity parameter that depends 
on the surface roughness [and has the effect of 
decreasing boundary scattering by making the grain 
appear larger than it is (Graebner et al., 1994)], dg is 
the average grain size that is usually approximated as 
the geometric mean of the grain dimensions (McCurdy, 
Maris, & Elbaum, 1970), and hstack is average stack 
height plotted in Figure 4(a).
Although scattering at the pore–grain and grain–grain 
interface is prominent in nanocomposites, Umklapp 
Figure 5. (a) Two-dimensional representation of jammed 
nanoplatelets (dark) under external thermal gradient. The red dotted 
lines indicate pore–grain interfaces that enclose disconnected pores 
(light). (b) Microstructural approximation with equi-sized triangular 
pores of length δ2  in a continuous grain space.
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scattering significantly limits thermal conductivity in 
bulk bismuth telluride at high temperatures, and the 
scattering rate is approximated as:
 τ ω ω=− B T( )u
1 2   (7)
where the parameter B is fitted to experimental bulk 
thermal conductivity data and listed in Table 1.
Table 1. Bi2Te3 material properties and model parameters for 
thermal conductivity calculations.
Property Symbol Unit Value
Primitive unit cell densitya η m–3 5.95 × 1027
Speed of sound vs,LA  m/s 3,075
vs,TA1 m/s 2,376
vs,TA2  m/s 1,296
Umklapp scattering B s/K 8.65 × 10-19
aSource: da Silva & Kaviany (2004).
A Landauer method is utilized to calculate the thermal 
conductivity of nanocomposites by incorporating the 
aforementioned scattering processes. Within this 

























where ωM( ) is the number of phonon conduction 







( ) ( )
( )
 is 
the transmission function (Datta, 2005). Here, A is 
the cross-sectional area of heat flow, and L is the 
channel length along the direction of heat flow. The 
number of phonon conduction channels is given by:
  ∑ω





3 ( ) ( ) (9)
where ωv k( ) is the frequency-dependent group velocity, 
and the factor of 3 appears from summation over 
three phonon polarizations. The dominant scattering 
mechanism in bulk bismuth telluride is Umklapp 
scattering, and therefore the effective phonon mean 
free path in bulk is ω ω τ ωΛ = −v( ) ( )/ ( )b u
1 . Because the 
channel length in bulk is L ω>> Λ ( )b , the transmission 
is approximated to ω ω≈ ΛT L( ) ( )/b . Figure 6(a) shows 
Figure 6. (a) Bulk bismuth telluride thermal conductivity as a function of temperature. The model calculation is fitted to experimental data 
(Satterthwaite & Ure, 1957) for estimating Umklapp scattering parameter. (b) Spectral thermal conductivity as a function of frequency for bulk 
bismuth telluride and composites of varying grain sizes. (c) and (d) Comparison of pore size distribution and thermal conductivity between 
fabricated  (Zhang et al., 2012) and simulated composites of Bi2Te3 nanoplatelets, respectively. Grains of width 275 nm and aspect ratio 23 
were chosen in the simulation to reasonably resemble experimental characterization. (d) Thermal conductivity is calculated for three different 
specularity parameters p.
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the calculated thermal conductivity of bulk bismuth 
telluride as a function of temperature and demonstrates 
good agreement with experimentally reported values. 
Although thermal conduction in bismuth telluride is 
anisotropic (cross-basal plane thermal conductivity 
is smaller than in-plane thermal conductivity), these 
calculations assume isotropic conductivity in bulk 
material and platelets. Anisotropic conduction is 
predicted to have a significant effect on the effective 
thermal conductivity of granular composite and will be 
a subject of study in future work.
In granular bismuth telluride nanocomposites, the 
phonon conduction channel length is restricted 
within interfaces and the effective mean free path 








(Matthiessen’s rule). Consequently, the transmission 
function is approximated as ω ω≈ ΛT L( ) ( )/eff . This 
transmission function approaches its bulk value when 
the platelet size in the composite is larger than the 
bulk mean free path. The effect of reduced length 
scales in platelet composite is displayed in Figure 6(b), 
which plots spectral thermal conductivity for bulk 
Bi2Te3, and granular composites. In nanocomposites, 
phonon transport is dominated by pore–grain interface 
scattering. For larger grains, low-frequency phonons 
are scattered at pore–grain and grain–grain interfaces, 
while high frequency phonons near the Brillouin zone 
edge scatter from Umklapp processes. This allows for 
the possibility of grain and pore size engineering for 
selective scattering of phonons.
The effective medium approximation is used to 
calculate the reduced thermal conductivity because 
of the presence of pores. This reduction in thermal 
conductivity is equivalent across all length scales 
and results from material removal in the pore space. 
Maxwell–Garnett effective medium approximation 
(MG–EMA) (Maxwell, 1954) (κ φ φ κ≈ − +(2 2 )/(2 )red p p ) 
that calculates the reduced thermal conductivity of a 
topologically connected solid phase with disconnected 
pores is employed in the present model.
Microstructural statistics and thermal conductivity 
computed in the present simulations are compared 
with the experimental data of Zhang et al. (2012). 
The highest aspect ratio nanoplatelet (α = 23) was 
considered for comparison because it correlates 
closely with the reported lateral dimensions of the 
precursor nanoplatelets in the experiment (the range 
of platelet width and thickness in the experiment was 
reported as 50–500 nm and 5–25 nm respectively. 
This corresponds to an aspect ratio of 22 for mean 
values of width and thickness). The reported pore 
size distribution correlates well with the distribution 
obtained in the simulations of nanoplatelets of similar 
dimensions as displayed in Figure 6(c). The phonon 
conduction model described in Section 4 was used to 
calculate temperature-dependent thermal conductivity 
and is plotted in Figure 6(d) for three different values 
of the specularity parameter. The model overestimates 
the thermal conductivity of nanoplatelet composites 
and this can possibly be attributed to the presence of 
ionized impurities in fabricated samples, whereas such 
impurities were ignored in this calculation. However, 
the temperature dependence of thermal conductivity 
is captured well in this model. 
Porosity and pore size in nanocomposites have 
differing influences on the effective thermal conductivity 
at different length scales. In Figure 7(a), thermal 
conductivity for three different nanoplatelet composites 
is plotted as a function of the nanoplatelet size. Dashed 
lines denote the thermal conductivity reduction purely 
from material removal in pores as contemplated by 
effective medium theory. At sub-micron length scales, 
the mean free path of phonons is comparable to the 
grain size, and in this regime pore size plays a dominant 
role in thermal conductivity reduction because of 
strong phonon scattering at pore–grain interfaces. 
Figure 7. (a) Thermal conductivity of composites as a function of platelet size for three different aspect ratio platelets. The two regimes of 
thermal conductivity reduction are highlighted: porosity dominated for macroscale platelets and pore size dominated for microscale platelets. 
(b) Composite thermal conductivity as a function of porosity for three different platelet sizes: 10 nm, 100 nm, and 1 µm. Maxwell-Garnett 
effective medium approximation prediction of composite conductivity is plotted in black dashed-dot line. The numbers in the bracket denote the 
slope of linear fits to the scatter data for each platelet size.
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As the grain size increases beyond the micrometer 
range, porosity is dominant in reducing thermal 
conductivity. In Figure 7(b), thermal conductivity is 
plotted as a function of porosity for varying grain sizes. 
In sub-micron grain composites, the diminished effect 
of porosity is captured in the reduced slope of the 
fitting curve (displayed in brackets). Therefore, the 
deviations from the Maxwell-Garnett effective medium 
approximation predictions are larger for sub-micron 
sized grains than for larger grains. Similar deviations 
from effective medium approximations were observed 
in the experiments on mesoporous nanocrystalline 
silicon (Wang, Alaniz, Jang, Garay, & Dames, 2011a).
5. CONCLUSIONS
Self-assembled stacks in Bi2Te3 nanoplatelets strongly 
dictate the pore space of consolidated composites. At 
sub-micron length scales, both porosity and pore size 
distribution play prominent roles in reducing the thermal 
conductivity of composites. The granular simulations 
described here enable detailed microstructural 
analysis and separate evaluation of porosity and pore 
size in compacted nanoplatelets. The dependence of 
porosity and pore size on the shape and size of the 
nanograins provides possible routes for microstructural 
engineering toward tailored thermal transport. 
Furthermore, well-controlled fabrication techniques, 
such as subjecting the composite to external stress 
fields, could be utilized to create desired pore spaces 
within nanocomposites, as was demonstrated earlier 
for bismuth telluride nanopowder compacts (Yan et 
al., 2010). Future work includes rigorous analysis of 
thermal conduction in such amorphous composites to 
examine the anisotropy in thermal transport.
ACKNOWLEDGMENT
The authors greatly acknowledge the support of 
this work from Purdue's Network for Computational 
Nanotechnology.
REFERENCES
Cates, M., Wittmer, J., Bouchaud, J.-P., & Claudin, P. 
(1998). Jamming, force chains, and fragile matter. 
Physical Review Letters, 81(9), 1841–1844.
Choy, T. C. (1999). Effective medium theory: 
Principles and applications. Oxford: Claredon 
Press.
da Silva, L. W., & Kaviany, M. (2004). Micro-
thermoelectric cooler: interfacial effects on thermal 
and electrical transport. International Journal of 
Heat and Mass Transfer, 47(10–11), 2417–2435.
Dames, C. (2004). Theoretical phonon thermal 
conductivity of Si/Ge superlattice nanowires. 
Journal of Applied Physics, 95(2), 682.
Datta, S. (2005). Quantum transport: Atom to 
transistor (2nd ed.). Cambridge University Press.
DiSalvo, F. J. (1999). Thermoelectric cooling and 
power generation. Science, 285(5428), 703–706.
Dresselhaus, M. S., Chen, G., Tang, M. Y., Yang, R. G., 
Lee, H., Wang, D. Z., …, Gogna, P. (2007). New 
directions for low-dimensional thermoelectric 
materials. Advanced Materials, 19(8), 1043–1053.
Fisher, T. S. (2013). Thermal energy at the nanoscale 
(1st ed.). Singapore: World Scientific.
Goldsmid, H. J. (1995). Conversion efficiency 
and figure-of-merit. In D. M. Rowe (Ed.) CRC 
handbook of thermoelectrics. (19–25). Boca 
Raton, FL: CRC Press.
Graebner, J., Reiss, M., Seibles, L., Hartnett, 
T., Miller, R., & Robinson, C. (1994). Phonon 
scattering in chemical-vapor-deposited diamond. 
Physical Review B, 50(6), 3702–3713.
Jeng, M.-S., Yang, R., Song, D., & Chen, G. (2008). 
Modeling the thermal conductivity and phonon 
transport in nanoparticle composites using Monte 
Carlo simulation. Journal of Heat Transfer, 130(4), 
042410.
Jenkins, J., Rayne, J., & Ure, R. (1972). Elastic 
moduli and phonon properties of Bi2Te3. Physical 
Review B, 5(8), 3171–3184.
Lee, J.-H., Grossman, J. C., Reed, J., & Galli, G. 
(2007). Lattice thermal conductivity of nanoporous 
si: molecular dynamics study. Applied Physics 
Letters, 91(22), 223110.
Majumdar, A. (2004). Thermoelectricity in 
semiconductor nanostructures. Science, 
303(5659), 777–778.
Maxwell, J. C. (1873). Treatise on electricity and 
magnetism. Oxford: Clarendon.
McCurdy, A., Maris, H., & Elbaum, C. (1970). 
“Anisotropic heat conduction in cubic crystals 
in the boundary scattering regime. Physical 
Review B, 2(10), 4077–4083.
Mehta, R. J., Zhang, Y., Karthik, C., Singh, B.,  
Siegel, R. W., Borca-Tasciuc, T., & Ramanath, G. 
(2012). A new class of doped nanobulk  
high-figure-of-merit thermoelectrics by scalable 
bottom-up assembly. Nature Materials, 11(3), 
233–240.
Nan, C.-W., Birringer, R., Clarke, D. R., & Gleiter, H. 
(1997). Effective thermal conductivity of particulate 
composites with interfacial thermal resistance. 
Journal of Applied Physics, 81(10), 6692.
O’Hern, C., Langer, S., Liu, A., & Nagel, S. (2002). 
Random packings of frictionless particles. Physical 
Review Letters, 88(7), 075507.
Poudel, B., Hao, Q., Ma, Y., Lan, Y., Minnich, A., 
Yu, B., …, Ren, Z. (2008). High- thermoelectric 
performance of nanostructured bismuth antimony 
telluride bulk alloys. Science (New York, N.Y.), 
320(5876), 634–638.
52 COMPOSITES AND GRANULAR MATERIALS
Prasher, R. (2006). Transverse thermal conductivity 
of porous materials made from aligned nano- and 
microcylindrical pores. Journal of Applied Physics, 
100(6), 064302.
Rayleigh, L. (1892). On the influence of obstacles 
arranged in rectangular order upon the properties 
of a medium. Philosophical Magazine Series 5, 
34(211), 481–502.
Satterthwaite, C., & Ure, R. (1957). Electrical and 
thermal properties of Bi2Te3. Physical Review, 
108(5), 1164–1170.
Schenker, I., Filser, F., Gauckler, L., Aste, T., & 
Herrmann, H. (2009). Quantification of the 
heterogeneity of particle packings. Physical 
Review E, 80(2), 021302.
Smith, K. C., Alam, M., & Fisher, T. S. (2010). 
Athermal jamming of soft frictionless platonic 
solids. Physical Review E, 82(5), 051304.
Smith, K. C., & Fisher, T. S. (2013). Conduction in 
jammed systems of tetrahedra. Journal of Heat 
Transfer, 135(8), 081301.
Smith, K. C., Mukherjee, P. P., & Fisher, T. S. (2012). 
Columnar order in jammed LiFePO(4) cathodes: 
ion transport catastrophe and its mitigation. 
Physical Chemistry Chemical Physics : PCCP, 
14(19), 7040–7050.
Smith, K. C., Srivastava, I., Fisher, T. S., & Alam, M. 
(2014). Variable-cell method for stress-controlled 
jamming of athermal, frictionless grains. Physical 
Review E, 89(4), 042203.
Song, D., & Chen, G. (2004). Thermal conductivity of 
periodic microporous silicon films. Applied Physics 
Letters, 84(5), 687.
Soni, A., Shen, Y., Yin, M., Zhao, Y., Yu, L., Hu, X., …, 
Xiong, Q. (2012a). Interface driven energy filtering 
of thermoelectric power in spark plasma sintered 
Bi(2)Te(2.7)Se(0.3) nanoplatelet composites. Nano 
Letters, 12(8), 4305–4310.
Soni, A., Yanyuan, Z., Ligen, Y., Aik, M. K. K., 
Dresselhaus, M. S., & Xiong, Q. (2012b). 
Enhanced thermoelectric properties of solution 
grown bi2te(3-x)Se(x) nanoplatelet composites. 
Nano Letters, 12(3), 1203–1209.
Souza, I., & Martins, J. (1997). Metric tensor as 
the dynamical variable for variable-cell-shape 
molecular dynamics. Physical Review B, 55(14), 
8733–8742.
Srivastava, I., Sadasivam, S., Smith, K. C., &  
Fisher, T. S. (2013). Combined microstructure 
and heat conduction modeling of heterogeneous 
interfaces and materials. Journal of Heat Transfer, 
135(6), 061603.
Torquato, S., & Avellaneda, M. (1991). Diffusion 
and reaction in heterogeneous media: pore 
size distribution, relaxation times, and mean 
survival time. The Journal of Chemical Physics, 
95(9), 6477.
Venkatasubramanian, R., Siivola, E., Colpitts, T., 
& O’Quinn, B. (2001). Thin-film thermoelectric 
devices with high room-temperature figures of 
merit. Nature, 413(6856), 597–602.
Wang, Z., Alaniz, J. E., Jang, W., Garay, J. E., & 
Dames, C. (2011a). Thermal conductivity of 
nanocrystalline silicon: importance of grain size 
and frequency-dependent mean free paths. Nano 
Letters, 11(6), 2206–2213.
Wang, X., Yang, Y., & Zhu, L. (2011b). Effect of grain 
sizes and shapes on phonon thermal conductivity 
of bulk thermoelectric materials. Journal of Applied 
Physics, 110(2), 024312.
Yan, X., Poudel, B., Ma, Y., Liu, W. S., Joshi, G., 
Wang, H., …, Ren, Z. F. (2010). Experimental 
studies on anisotropic thermoelectric properties 
and structures of n-type Bi2Te2.7Se0.3. Nano 
Letters, 10(9), 3373–3378.
Zhang, Y., Mehta, R. J., Belley, M., Han, L., 
Ramanath, G., & Borca-Tasciuc, T. (2012). 
Lattice thermal conductivity diminution and 
high thermoelectric power factor retention in 
nanoporous macroassemblies of sulfur-doped 
bismuth telluride nanocrystals. Applied Physics 
Letters, 100(19), 193113.
